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A Table of Class Numbers for Cubic Number Fields. 

By Legh W. Reid. 



This table haa been calculated with a view to furnishing for the general 
algebraic number fields an amount of number material sufficiently great to be of 
use in the further study of these fields, and in particular in that of the cubic 
fields. It gives for each of 161 cubic number fields the class number, h, the dis- 
criminant A, a basis, and the factorization of certain rational primes into their 
prime ideal factors. When h = 1 , the prime number factors of these primes are 
given. Units are also given for most of the fields. The method employed in 
the calculation of the class numbers is to be looked at from the point of view of 
the practicability of carrying out the numerical reckoning involved, and the 
actual determination of the numerical value of A. It is to be sharply distin- 
guished from those representations of h by an infinite series, which, although 
theoretically perfect, lead in only a very limited number of cases to the deter- 
mination of the numerical value of h . 

The method used depends upon the following theorem of Minkowski's : 
Th. 1. — In every ideal class there is an ideal, i , whose norm, n (i), satisfies the 
condition 
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where m is the degree and A the discriminant of the field, and r the number of pairs 
of imaginary fields found among the m conjugate fields h m , ¥ z) , . . . . , k (m) . I shall 

(4 \ r m ' 
— j — ^- by M. If then we find all ideals of a proposed field, k , whose 

norms satisfy the condition (1), and determine the equivalences which exist 
between them ; i. e., into how many ideal classes they fall, we have determined 
the class number of Tc. 
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The task may be divided into two parts : 

I. The obtaining of all ideals whose norms satisfy (1). 

II. The determination of the number of the ideal classes into which they 
fall. 

Let 6 be an integer defining the body k, f(x) = 0, the equation of lowest 
degree, the m th , with rational coefficients, satisfied by $, and d(Q) the discrimi- 
nant of this equation. 

"We must first of all determine a basis and the discriminant A of h . 

It can be easily shown that if d (0) be not divisible by the square of a 

rational integer, then 

d(6)=A 

and 1 , 2 , . . . • , m_1 is a basis of h. 

In the case of cubic bodies, when d (6) is divisible by the square of a rational 
integer, we may determine a basis and hence A by a method given by Woronoj. 

I. We obtain all ideals of h, whose norms satisfy (1) in the following man- 
ner : Since the norm of a prime ideal is a power of the rational prime, which it 
divides, we shall obtain all prime ideals, whose norms satisfy (1), if we factor 
into their prime ideal factors all rational primes < M\ VA | . 

The desired ideals are then such of these prime ideals, their powers and 
products as satisfy (l). We have, then, first of all to factor all rational primes 
<Jf|VA|. 

This is easily accomplished in the case —— =£ (mod p) by means of the 
following theorem : 

Th. 2. — If p satisfy the condition —^ Ep (mod p) , and if we resolve the left- 
hand member off(x) = into its prime factors with respect to the modulus p, as 
f{x)=\P(x)}°\F(x)\<' , (modp), 

where P(x), P' (x), ■ ■ ■ • are different prime functions with respect to p, and of 
degrees f,f, ■ ■ ■ ■ respectively, then is 

(p) = ( P ,p(6)y(p,p'(6)y 

the required factorization of (p), where (p, P(B)), (p, F (0)) are different prime 
ideals of degrees f, f, .... respectively. 
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When -^ = (mod p), the factorization of (p) may be effected in the 

case of cubic bodies by a method given by Woronoj. 

I shall consider, during the remainder of this paper, the body under discus- 
sion to be cubic. 

II. We now take up the determination of the number of ideal classes into 
which fall the ideals of h whose norms satisfy (1). 

The method that I have used is the following : 

Having selected any prime ideal p whose norm satisfies the above condition, 
we must determine first of all whether p is a principal ideal. The following 
method answers not only this question but the more general one. What is the 
lowest power of p , which is a principal ideal ? 

We find an integer a such that (a) = p m . p is evidently a principal or non- 
principal ideal according as (a) is or is not the n th power of a principal ideal. If 
n — 1 , p = (a) , a principal ideal. 

The necessary and sufficient condition that (a) be the n th power of a princi- 
pal ideal is that a unit y\ exist such that ari is the n th power of an integer. 

That is (a) can be the n th power of a principal ideal, although a is not the 
n th power of an integer, but acquires this property through multiplication by a 
suitable unit. 

The following theorems simplify the determination of the lowest power of p, 
which is a principal ideal : 

Th. 3. — If the mf 1 and m| h powers of an ideal a be principal ideals, then is also 
the I th power of a a principal ideal, where I is the greatest common divisor of m^ 
and m s . 

Th. 4. — The necessary and sufficient condition, that a n = (a) be the lowest power 
of a , which is a principal ideal, is that (a) be neither the pf 1 , pl h , . . . . , nor pf 1 
power of a principal ideal, where Pi,p%, ■ ■ • • , p r are the different prime factors of n . 

The problem of determining the lowest power of p , which is a principal 
ideal, be reduced, therefore, to that of determining whether a given principal 
ideal be the p th power of a principal ideal, where p is a prime number. 

To determine, therefore, whether (a) be the p th power of a principal ideal, we 
must multiply a with each one of a system of units, 
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such that if a be not the p th power of a principal ideal but acquire this property 
through multiplication by a unit yi, then one of the units of this system will be 
yi, and hence one of these products will be thep th power of an integer. 

Such a system of units I call a complete unit system for the power p. (a), 
therefore, is or is not the p ih power of a principal ideal according as one or none 

of the products 

a, ar/ lt aY/ z , . . . . , ar\ r 

is the p th power of a principal ideal, where m , • • • • , r\ r is a complete unit system 
for the power p. In the construction of such a system of units in the case of a 
cubic field, we must distinguish two cases, according as A is negative or positive, 
that is, according as among the conjugate fields k, k\ Id' there are two or no 
imaginary fields, and k has respectively one or two fundamental units. Con- 
fining ourselves to the case A negative and p an odd prime, such a system of 
units may be constructed for the power p as follows. All units of the field have 
the form yi = ± e m , where e is a fundamental unit. 

If a be the p th power of an integer or acquire this property through multi- 
plication by a unit, it has the form, whenpzp 2, 

If we take yi = ± s°, where g = — I (mod p) , then 

a>7= ±p p e l+9 . 
The p units 

v = e 9(or—i:<>), g = 0, 1, 2, p— 1, (mod^) 

form a complete unit system for the power p. To obtain such a system we have 
only to find a unit yi, which is not the p th power of a unit, i. e., 

yj = s g (or — s°) , g^O, (mod p) 

It is evidently indifferent whether we have yj = e° or yj = — s° since p is 
odd. For the sake of simplicity, we shall take the + sign, though the unit 
found might have the — sign, vf = 1 , y/, y/ 2 , ■ . • • , yi p ~ 1 constitute then a com- 
plete unit system for the power p, since 0, g, 2g, .... , (p — 1) g form a com- 
plete remainder system with respect to the modulus p, and hence one of these 
exponents is EE — I (mod p). (a) , therefore, is or is not the j? th power of a prin- 
cipal ideal according as one or none of the products 

a, av\, avf , avf -1 
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is the j) th power of an integer. When p = 2, we have merely in addition to the 
above to take into consideration the multiplication of a by the unit — 1 , which 
is unnecessary when p is odd, since then — a is or is not the p th power of an 
integer according as a is or is not the p th power of an integer. When A is posi- 
tive, the method is similar, account simply being taken of the fact that the field 
has two fundamental units. 

In order to determine whether any one of the above products be the p th 
power of an integer, we set it equal to (aoj -f- ba z + c) p , where o lf o 2 , 1 is a basis 
of h. We then obtain, by equating the coefficients of the corresponding powers 
of 6 on the two sides of the equation, three equations to determine a, b and c. 
The necessary and sufficient condition for the product under discussion to be the 
p th power of an integer is that these equations have an integral solution. 

By means now of Theorem 4 and the above method for determining whether 
a given principal ideal is the p th power of a principal ideal, we can determine 
the lowest power of p , which is a principal ideal. Let this power be the t th , then 

p,p z , .... , p*-\ p* ~ (1) 

are representatives of t different ideal classes, which we denote with 

A, A\ A*-\A*~1. 

The class number, h, must now be divisible by t. Let N be the number of 
ideals whose norms satisfy (1), the unit ideal (1) being included. 

If N<C %t, we have at once h = t. 

If, however, N ^2t, we determine the classes of some of the remaining 
ideals satisfying 1 . 

Let i be one of them. If we can find a principal ideal (y) such that (<y)z=p r \, 
then j belongs to the class which is reciprocal to that of p r , i. e., to A r ', where 
r 1 = — r (mod t) . We can then easily determine in which classes lie the differ- 
ent powers of i , and the products of these powers, with those of p . If we can- 
not find such a principal ideal (y), we must determine the lowest power of i. 
which is a principal ideal, exactly as in the case of p . Let this power be the s th . 
We must now determine whether i lies in any one of the classes A, A 2 , ... , J.' -1 , 
It can be shown that it is possible for i to lie in one of these classes only when 

we have t = (mod s), in which case, if — = t'*, it is possible to have i ~ p vt ', 

s 

where i! is prime to s. There are, therefore, at most $ (s) classes, in one of 
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which i may lie. If s = (mod t), it would be possible likewise for p to lie in 

one of 4> (t) of the classes B, B 2 , . . . . , B s " 1 represented by the powers of i. To 

determine whether i lies in the class A\ we must determine whether the product 

of i and an ideal ^ belonging to the class, which is reciprocal to that of A\ is a 

principal ideal. To do this we must find a principal ideal (X), which is a power 

of i*), and proceed as already indicated. If i belongs to none of the classes 

I, A, .... , A*~ l , we have st different classes. If iV< 2st, then h = st, and in 

general, letting, at any point of the reckoning, n be the number of the ideals 

satisfying 1 whose classes have been determined, h the number of the known 

classes which have found representatives among these ideals, and E the number 

of the known classes, from 

N—n + k<2K (2) 

follows h = K. 

The use of (2) saves much reckoning, as we find from it that we have to 
determine the classes of only N+ 1 of the ideals satisfying (l), where N= 2N', 
or 2N' + 1 . 

The table is arranged as follows : Part I contains all fields defined by the 
root of an equation of the form 

x 3 + A 2 x + A 3 = 0, 

where A z , A 3 are rational integers less in absolute value than 10. The first 
column contains a number for purposes of reference ; the second, the equation 
whose root defines the field ; the third, the discriminant of the equation ; the 
fourth and fifth, the discriminant of the field ; the sixth, the class-number ; the 
seventh, a basis (when no numbers stand here, 6 Z , 6, 1 are to be understood) ; 
the eighth, one or more units. When, after a unit 57, =£ & 2 is placed, this denotes 
that neither r\ nor — >7 is the square of a unit. Then follow the factorizations of 
those rational primes p < M | VA | . The factors are arranged according to the 
magnitude of their norms ; i. e., the factor with greatest norm stands second. 
When h = 1 , the factors are chosen so that their norms are positive and their 
product is equal to p without multiplication by a unit, except when p is divis- 
ible by the cube of a prime number. In this case, the unit is given with which 
the cube of the prime must be multiplied to obtain p . These units are desig- 
nated by * attached to the parentheses in which they stand. 
10 
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p = p or ( p) = (p) means that p is unfavorable. When = and a number 
stand in the seventh column, it signifies that this field is identical with the field 
designated by the number. 

Part II contains all fields defined by a root of a cubic equation of the form 

A x 3 + A t x 2 + A%x + A 3 = 0, 

where A Q , A lt A z , A 3 are rational integers less in absolute value than 3, with the 

exception of those equations of this form which are found in Part I or are trans- 

A 
formable into one of those of Part I by the substitution x : x — —4- . In the 

3A 

cases also where one of these equations is transformable into another of the same 
form by a linear substitution, one only of the two is given. 

Part II is arranged like Part I, with the exception that in 12, 16, 17, 18, 19, 
since the roots of these equations are not integers, the equations written imme- 
diately under have been used to define these fields. In each case, this equation 

or 

is obtained from the original one by the substitution x : — - . 

A fuller discussion of the methods employed in the calculation of this table, 
with numerical examples, will be found in "Tafel der Klassenanzahlen fur 
kubische Zahlenkorper," published by the author of this article as dissertation. 

See Hilbert, " Berioht iiber die Theorie der algebraischen Zahlkorper, " §? 11, 24. Jahresbericht 
der deutschen Mathematiker-Vereinigung, Vierter Band, 1894-95. 

Minkowski, " Geometrie der Zahlen." 

Woronoj, " The algebraic integers, which are functions of a root of an equation of the 3d degree." 
(Translation of the Russian title.) 

Princeton, N. J. 
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